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I. INTRODUCTION
1. Purpose of Investigation.-There has been a revival of interest
in recent years in the whole theory of analysis of concrete arches.
Much of this has been directed to investigations of the effect of tem-
perature changes and of the interaction of rib and superstructure.
Considerable attention has, however, been directed to the theory of
the action of the bare rib either on unyielding abutments or on elastic
piers.
Some of the problems involved are clearly problems of physical
fact to be determined by measurements in the laboratory or the field.
Some are entirely of a mathematical nature, and hence not proper
subjects for empirical study.
Some of the problems of arch analysis, however, apparently
cannot be solved by either rational or empirical methods alone. They
are problems in probability in which the range of uncertainty of cer-
tain fundamental variables is a matter for observation, but the
probable uncertainty in the results consequent upon accidental com-
binations of these variables can scarcely be determined by exper-
iments.
If the distortions in arches resulting from known forces on differ-
ent parts of the arch can be determined, the analysis of the arch is a
definite problem in geometry. But these distortions cannot be pre-
determined with definiteness. The purpose of the bulletin is to study
the effect on the moments and thrusts resulting from this uncertainty
as to the physical action under load of different parts of the arch.
It isolates the assumption implied in elastic analyses and throws some
light on the limit of uncertainty involved in these assumptions. The
investigation is restricted to the bare arch rib and involves no ques-
tions of interaction between arch rib and deck.
2. Acknowledgments.-The work was conducted as a part of the
work of the Engineering Experiment Station of the University of
Illinois, of which DEAN M. S. KETCHUM is the director, and of the
Department of Civil Engineering, of which PROF. W. C. HUNTINGTON
is the head. The detail computations were made by M. F. LINDEMAN,
Graduate Research Assistant.
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II. DESCRIPTION OF THE INVESTIGATION
3. Sources of Stress in an Arch.-In any investigation of methods
of analysis in structural engineering it is well to keep in mind the
possible relations of such analysis to the art of design. In order to get
some scale on the stresses-more or less arbitrarily separated-which
enter into the design of an arch, consider the following approximate
figures for computed stress in a typical open-spandrel arch of about
100-ft. span.
Dead load stress-
Due to thrust. ..................................
Due to moment. .................................
Due to rib shortening. ............................
Total ......................................
Maximum live load stress-
Due to thrust. ..................................
Due to moment. .................................
Due to rib shortening. ............................
T otal ............. ........... . ..........
Maximum temperature stress-
Due to thrust. ..................................
Due to moment. .................................
Due to rib shortening.............................
Total.......................................
Grand total. ............................
300 lb. per sq. in.
80 lb. per sq. in.
50 lb. per sq. in.
430 lb. per sq. in.
50 lb. per sq. in.
200 lb. per sq. in.
10 lb. per sq. in.
260 lb. per sq. in.
10 lb. per sq. in.
100 lb. per sq. in.
110 lb. per sq. in.
800 lb. per sq. in.
These will be subject to considerable variation in different arches,
but may be taken as in a rough way representative. There will also in
many cases be additional stresses due to foundation distortions, but
these certainly cannot be predetermined with any accuracy in the
light of facts yet known, and the chance of their occurrence would
perhaps be covered by arbitrarily reducing the total working stress.
It will be noted that nearly half of the total stress is due to dead
load thrust. For given dead loads this stress is a perfectly definite
quantity practically independent of any assumptions whatever. This
will be shown later.
The term "temperature stress" really includes also stresses due to
shrinkage and to changes in moisture content of the concrete. These
are universally recognized as subject to considerable uncertainty from
reasons independent of uncertainties in the method of analysis.
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In a rough general way, then, it may be said that about one-half of
the total stress is as definite as in any statically determinate structure,
about one-fourth is subject to considerable uncertainty from causes in
no way dependent on the method of analysis used, leaving about one-
fourth of the total stress dependent on the validity of the method of
analysis used in designing the arch. This last amount may in some
cases reach as much as one-third of the total stress. It will in general
be a smaller per cent of the total the longer the span or the lighter the
live load.
It becomes evident, then, that the method of analysis used may be
subject to a considerable number of discrepancies without very ser-
iously affecting the design. Nevertheless, it becomes important to
investigate what discrepancies in the theoretical analysis are possible,
and what range of variation in results is possible and probable. It is
important, however, to realize that such variations have only a small
relative importance, and that uncertainty in the results amounting to
twenty per cent represents less than ten per cent variation in the total
computed maximum stresses, provided the method of stress analysis-
P Mc
the beam formula f = ± -- is correct. Any uncertainty on theA I
latter score is in no way peculiar to arches, but is common to all con-
crete structures, although the range of uncertainty from this source is
perhaps less in the case of arches, because of the smaller variation of
stress over the section and the smaller amount of cracking.
4. Theory of Arch Analysis.-The procedure commonly used in
the analysis of arches is usually referred to as the theory of elasticity.
The analysis deals chiefly with the bending effects in the arch ring.
The effect of shearing distortions is small in most beams and in ordi-
nary arches is negligible because the shearing stresses are very small.
The effect of linear distortion in the arch ring is also small; any errors
in the theory used in computing it can scarcely be very serious.
Attention then may be focused on the effects of bending in the arch.
There are two conditions to be satisfied by the external loads and
abutment reactions: first, the laws of statical equilibrium must be
satisfied; second, the arch ring, unless rupture occurs, must remain a
continuous structure.
Structural engineers do not consider the laws of statics open to
question. The fact of continuity is also not open to discussion, but
the laws by which the arch reactions are related to this fact are a
proper subject for review.
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Flexure on any segment of the arch ring produces a relative ro-
tation of normal planes at the ends of the segment; this is only a
repetition of terms, for this is what we mean by flexure. These ro-
tations are very small. Hence the displacement in any given direction
of any point connected to one end of the segment with reference to the
other end equals the rotation times the normal distance from the
center of rotation to the axis of displacement. This corresponds to
the most elementary geometrical conception of a rotation.
Now the abutment reactions must have values determined by the
fact that the rotations take place so as to maintain continuity. Stated
in other words, the rotations must bear to each other such a relation
that at any point on the arch ring there will be no relative rotation
and no relative displacement horizontally or vertically across any
imaginary section. In mathematical "short hand"
2; = 0, 2:x = 0, 2 y = 0
where 0 is any rotation within a segment having co6rdinates x and y
from any origin. Thus far there is nothing to investigate or debate.
Let M = a, where M is the bending moment at any section. In
order to determine the abutment reactions from the three equations
just stated it is necessary to assume (a) that the center of rotation is
known for each section, and (b) that the value of a = M is known for
each section. Shearing and linear distortions are neglected, as already
explained.
Both of these assumptions are incorrect. We do not know exactly
either the amount of rotation or the center of rotation for a given mo-
ment. But it seems very important to recognize that the assumption
that we do know them is the only assumption involved in the
analysis of arches if the effects of linear distortions (shear and rib
shortening) are neglected.
5. The Study.-
(a) Assumptions
While we do not know the exact centers of rotation due to mo-
ment, we do know that they lie well within the arch ring, for statics
requires that one side of the ring be in compression and the other side
in tension for pure flexure. It is scarcely conceivable that these ro-
tation centers can depart far from the center of the arch ring until
rupture is far advanced. This assumption can, then, scarcely be
seriously in error.
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There remains, then, only one thing to investigate, and that is the
accuracy of our knowledge of the values a = M and the importance of
the uncertainty which exists as to these values. These values are
1
usually computed as El times the length of the segment, where I is
computed as usual and E is taken as a predetermined constant for the
concrete of which the arch is constructed.
Now it is at once recognized that this is not exact, because
(a) The moment of inertia is not a correct measure of flexure in
concrete, because the beam formula applies imperfectly to
concrete beams.
(b) The ratio of the stress to the deformation of concrete is not a
constant for any given concrete, but varies with the mag-
nitude and duration of the stress.
(c) This ratio, which we call E, cannot be exactly predetermined;
it varies with many factors.
The value a, then, for any given segment cannot be predeter-
mined, nor is it a constant for that segment. It is not, however,
necessarily assumed that it is a constant, but merely that its value for
that segment, and for the bending moment which happens to exist in
that segment, is known. The mathematical procedure usually referred
to as the "theory of elasticity" does not necessarily assume elasticity
at all; it would be better called the "geometrical theory." It becomes
useless, however, unless laboratory data can enable us to predeter-
mine values of a within limits. Given, then, the limits within which
the values of a for the different segments are known to lie, it is
theoretically possible to determine the limits within which the values
of the reactions, moments, and shears may vary. If such an analysis
were made, the limits within which the moments lie, for given limits
of variation for the value a, could be stated with mathematical cer-
tainty. But the true moments could not be predetermined, because
they are a matter of chance, though it might be possible to throw some
light on their most probable value.
This latter problem would not be merely a problem in the math-
ematical theory of probability, because the probable combination of
variations depends on conditions in the field. It is not probable that
the properties of two sections poured at the same time from the same
batch will vary nearly as much as those of two sections poured on
different days under different weather conditions.
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(b) Method of Investigation
The investigation here recorded represents an effort to study the
relation between the range of variation of the values of a = M and the
consequent range of variation of the bending moments. Because the
chief source of variation in the value of a is the value of E, the data
are presented in terms of the variation of E.
The arch studied is supposed to be made of six voussoirs or blocks
of concrete, and the values of E for each of these blocks are supposed
to be subject to independent variation. All moments are first com-
puted on the assumption that the moment of inertia is constant in all
sections. This is taken as the normal case. The values of E are then
increased or decreased a given amount (+ 50 per cent or - 33% per
cent) in certain selected segments, and in these arches certain bending
moments have been recomputed.
The fundamental arch chosen for study has a parabolic axis and
the section is assumed to vary in such a way that the moment of
inertia varies as the length of axis for a given horizontal projection.
The span, rise, and crown thickness are immaterial, since the relations
deduced would have been the same no matter what these values. This
arch has the advantage that its properties and those of the arches
derived from it are readily determined by integration, and also that,
for load uniformly distributed over the entire span, the moments at
all points on the axis are zero.
It seems unnecessary to discuss the method of analysis used. Ex-
cept for the treatment of rib shortening, all methods of arch analysis
by the elastic theory are exactly identical in their fundamental
equations, though the identity may not be apparent. The only theory
now used in arch analysis which is not always classed with the elastic
theory is the pressure line theory. But the theorem that the pressure
line for the loads is that string polygon which lies nearest to the arch
axis is based on the elastic theory. In the case here investigated the
theorem will, if accurately applied, give exactly the same result as the
elastic theory. It is, however, less convenient to apply with ac-
curacy. Methods of analysis by the theory of elasticity differ some-
what in precision, those using integration being mathematically exact,
As
while those using summations are less precise, especially if - be made
constant. Rib-shortening may be included in the original analysis,
or it may be corrected for. Shearing distortions have an inappreciable
effect.
DEPENDABILITY OF THE THEORY OF CONCRETE ARCHES
In all of the comparisons here shown, the effect of rib-shortening
has been omitted. Integration was used in determining the properties,
but the moments were computed with a 10-in. slide rule.
In cases of moments due to loads, only the variations in elastic
properties are important, but moments due to temperature or to
abutment movements are affected both by the variations in relative
properties and by the general stiffening of the arch. In order to elim-
inate the second factor, which is irrelevant in determining the effect of
variations, the moments have also been computed on the assumption
that ids is the same for all arches. This is nearly the same as as-
suming that the average value of El is the same in all arches.
We have here, then, the record of what may be called an analyti-
cal experiment. It involves in all over one thousand moment deter-
minations on about one hundred and fifty arches. It is true that
because of symmetry and of the geometrical properties of the arch
chosen corresponding values for different arches are not all independ-
ent. But the interrelation of the values is involved in the theory of
analysis of which the sensitiveness to variations in assumptions is
being tested. Hence it seems that they may be considered as inde-
pendent evidence in the case.
(c) Scope of Investigation
It must be emphasized that the investigation here conducted is
suggestive only; it is neither exhaustive nor conclusive. The probable
variation in shear, moment, and thrust at any section in a concrete
arch for any given loading or deformation will depend on
(a) The total magnitude of variation in elastic properties
(b) The rate of such variation, whether by sudden jumps or
gradual change
(c) The location of such variations relative to the section being
investigated.
The probable variation in the value of the shear or moment is also
a function of the location of the section and of the type of loading or
deformation. Probably to a small extent it is a function also of rel-
atively small changes which in ordinary arches occur in the shape of
the axis and of the rib.
For six voussoirs there are sixty-three different combinations of
voussoirs which may be varied, but for ten voussoirs there are one
thousand and twenty-three possible combinations. The range of
variation in moments for a given range of variations of E depends on
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the number of voussoirs chosen. The data presented then are to be
taken merely as evidence in the case, to be treated as empirical data
with all the reservations which should accompany the interpretation
of such data.
It seems probable that a large arch will be subject to a greater
number of possible combinations of varying properties than a small
arch, and it seems almost certain that an arch poured under field
conditions will be subject to a greater range of variation than one
poured in a laboratory.
The effects of variation of individual voussoirs are not additive
nor are they even approximately so. The relation of reactions to
individual elastic properties is not even approximately linear.
With so many variables any exact mathematical generalization
could be made only with great difficulty. It seems important, how-
ever, to realize it is theoretically possible, and also to realize that even
if it were made, it is not clear that it would be very useful to the
engineer in his designs.
It is also important to caution against extending the data to other
types of structures even in a qualitative way. They should not, for
example, be extended to bents or to continuous girders.
After all, the interest of the designer is in what may possibly
happen and in what will probably happen in his structure. He tries
to adjust the factor of safety in a rough way to the probability.
He is, therefore, interested in what "actually happens" in any par-
ticular structure only as he can estimate from it the probability of
occurrence in other structures.
These data tell without any question what actually happens in
certain structures of definite properties. They may, then, be used as
a guide to probability just as any other empirical data would be used.
The "normal" case of constant E has been used as a basis of compar-
ison, not because it is "true" or "right" but simply because it is con-
venient; and it should be used in design for the same reason.
6. Dead Load Thrusts.-The loads may be either concentrated, as
in an arch with open spandrels, or distributed, as in an arch with filled
spandrels. In the former case it is never possible to make the string
polygon for loads exactly fit the arch axis, because the axis is curved
while the polygon has vertices at the panel points. If the load is dis-
tributed, however, it is always possible to choose a loading for which
a string polygon may be made to fit the arch axis. This loading may
be the dead load or the dead load plus some live load.
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Now it is certain that in any given case there is only one set of
values that will satisfy both the equations of statics and the equations
of continuity. Since there will be no bending moment, there will be
no bending if a string polygon for loads follows the arch axis. This,
then, is a true pressure line satisfying the required conditions if rib-
shortening is neglected and this is true whatever the elastic properties
of the sections may be.
In the arch with open spandrels a string polygon cannot be drawn
exactly fitting the arch axis, but unless the curvature of the axis is
very sharp, or the panel unusually long, a polygon may be drawn for
which the moments and 4 values are so small that variations in the
values a = M will have very little effect on the shape of the polygonM
even though they may affect considerably the small moment values.
It will be seen, then, that for a large part of the loading on an arch
the reactions are either entirely or practically independent of any
assumptions involved in the analysis. This justifies the statement
already made that any assumptions in the theory can affect only a
part of the total stress.
7. Relief of Weak Concrete.-It has sometimes been argued that
weak concrete is not so much a source of danger in arches because at a
weak section the stresses will be automatically decreased. This is
true to only a small extent even if the elastic modulus varies with the
strength. In the first place, a large part of the stress on any arch
section is due to thrust; this is one very important difference between
ordinary beams and arches. The total thrust for loads at any section
will be affected very slightly by any variation in elastic properties.
The data here presented also show that, for variation in the elastic
properties of any one of the relatively large sections here shown, the
moment is in general affected much less than the strength; if the
sections were shorter, the effect would be even less. Moreover, if
several sections vary in elastic properties simultaneously, the mo-
ment at a weak section may be even larger than is expected. Any
dependable relief of a weak section before failure begins is, then,
too improbable to be considered in design.
III. SUMMARY
8. Data.-The results of the analyses are recorded in Tables 1 to
6 and in Figs. 1 to 11.
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FIG. 1. RELATION OF MOMENT VARIATION TO VARIATION IN E
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FIc. 2. RELATION OF MOMENT VARIATION TO VARIATION IN E
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FIG. 3. RELATION OF MOMENT VARIATION TO VARIATION IN E
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FIG. 5. INFLUENCE LINES FOR MOMENT AT RIGHT SPRINGING
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FIG. 6. INFLUENCE LINES FOR MOMENT AT LEFT SPRINGING
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Fia. 8. MOMENT CURVES SHOWING MAXIMUM AND MINIMUM VARIATION
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TABLE 1
MOMENTS AT CROWN AND AT SPRINGINGS PRODUCED BY LOAD
Percentage variations due to indicated variations of the modulus of elasticity of sections indicated
Loaad At Crown
Ceý- ý
50%
Increase
+9
-8
-6
+6
-3
+2
0
-4
+2
-4
+2
-3
+3
-3
+3
-2
+1
-2
+1
0
0
+8
-7
+8
--7
+4
-4
+4
-4
-- 5
+4
-4
-5
+4
-
+5
-4
+5
-5
+4
+4
+1
-3
+1
-3
+3
-2
+3
-2
+1
+1
-2
+1
-2
+1
+2
-1
+2
-1
0
0
0
0
33 M%
Decrease
-8
+9
+6
-6
+2
-3
0
+2
-4
+2
-4
+3
-3
+3
-3
+1
-2
+1
-2
0
0
-7
+8
-7
+8
-4
+4
-4
+4
+4
-5
+4
-5
+5
-4
+5
-4
+4
-5
+4
-5
-3
+1
-3
+1
-2
+3
-2
+3
+1
+1
+1
-2
+1
-2
-1
+2
-1
+2
0
0
0
0
Combinations
of Sections
a'a
b'c'bc
b'b
a'c'ac
c'c
a'b'ab
a'b'c'abc
a'b'c'b
ac
b'abe
a'c'
a'b'bc
c'a
b'c'ab
a'c
b'c'ac
a'b
a'c'bc
b'a
a'c'b
b'ac
a'c'a
b'bc
a'ac
b'c'b
a'b'c'a
. be
a'abc
b'c'
b'c'abe
a'
a'b'c'bc
a
c'b
a'b'ac
b'c
a'c'ab
b'c'c
a'ab
c'bc
a'b'a
a'c'ce
b'ab
c'ac
a'b'b
a'c'abc
b'
a'b'c'ac
b
b'c'a
a'bc
a'b'c'c
ab
c'abc
a'b'
a'b'c'ab
c
a'b'abc
c'
a'b'c'
abe
e'ab
a'b'c
At Spr/,41 sp
50%
Increase
-3
+3
-9
+9
+13
-12
0
+11
-9
-17
+19
-11
+16
+2
-5
+2
-3
+11
-8
+15
-14
+14
-13
-8
+8
+9
-8
-12
+12
-1
+1
+5
-4
+14
-13
-10
+10
+6
-7
+9
-8
+14
-12
+8
-7
+6
-6
+3
-4
+8
-6
+7
-8
+3
-5
+4
-5
-15
+17
+13
-12
+8
-9
33 6%
Decrease
+3
-3
+9
-9
-12
+13
0
-9
+11
+19
-17
+16
-11
-5
+2
-3
+2
-8
+11
-14
+15
-13
+14
+8
-8
-8
+9
+12
-12
+1
-1
-4
+5
-13
+14
+10
-10
-7
+6
-8
+9
-12
+14
-7
+8
-6
+6
-4
+3
-6
+8
-8
+7
-5
+3
-5
+4
+17
-15
-12
+13
-9
+8
Right
33 ý%
Decrease
+3
-3
+9
-9
-12
+13
0
+20
-16
-10
+9
-4
+5
+14
-11
-8
+11
-2
+3
+16
-14
+9
-8
-12
+15
+12
-11
-9
+9
-4
+5
+1
-1
+10
-10
-12
+15
-7
+9
-7
+6
-6
+9
-12
+15
-4
+5
-5
+5
+9
-6
-4
+4
-7
+8
+19
-15
-6
+6
+13
-13
+10
-9
50%
Increase
-3
+3
-9
+9
+13
-12
0
-16
+20
+9
-10
+5
-4
-11
+14
+11
-8
+3
-2
-14
+16
-8
+9
+15
-12
-11
+12
+9
-9
+5
-4
-1
+1
-10
+10
+15
-12
+9
-7
+6
-7
+9
-6
+15
-12
+5
-4
+5
-5
-6
+9
+4
-4
+8
-7
-15
+19
+6
-6
-13
+13
-9
+10
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TABLE 2
MOMENTS AT CROWN AND AT SPRINGINGS PRODUCED BY TEMPERATURE CHANGE
Percentage variations due to 33 % per cent decrease in modulus of elasticity of sections indicated
C' Cb
Total Stiffness d* ConstantElR
At Springings
Left Right
+3 +6
+6 +3
+7 +9
+9 +7
+2 -16
-16 +2
+9 +14
+14 +9
+4 -13
-13 +4
+8 -15
-15 +8
+13 +10
+10 +13
+10 -11
-11 +10
+9 +9
+16 +16
-15 -15
-9 +8
+8 -9
+10 -11
-11 +10
-11 -8
-8 -11
+11 -8
-8 +11
+18 +21
+21 +18
+16 +16
+16 +16
+16 -4
-4 +16
-6 +10
+10 -6
+14 -8
-8 +14
-14 -12
-12 -14
-10 +15
+15 -10
+16 -5
-5 +16
+20 -3
-3 +20
-7 -8
-8 -7
+16 -4
-4 +16
+17 0
0 +17
-10 -5
-5 -10
-11 -11
+23 +23
-4 -4
+22 +1
+1 +22
-3 -1
-1 -3
-6 -4
-4 -6
0 0
At Crown
-6
-6
+6
+6
+4
+4
-1
-1
-4
-4
-3
-3
-1
-1
+9
+9
+1
+10
+7
+7
+7
-8
-8
+10
+10
+1
+1
+4
+4
-6
-6
+11
+11
-1
-1
0
0
-1
-1
+2
+2
-4
-4
+5
+5
+2
+2
-5
-5
+5
+5
+2
+2
-6
-1
+13
-1
-1
+6
+6
-3
-3
0
C dsTotal Stiffness , Variable
E for Unchanged Sections, Constant
Combination
of Sections
a
a'
b
b'
c
c'
ab
a'b'
ac
a'c'
a'c
c'a
a'b
b'a
b'c
c'b
a'a
b'b
c'c
bc'
be
a'ac
a'c'a
c'bc
b'c'c
b'ac
a'c'b
b'ab
a'b'b
a'ab
a'b'a
b'bc
b'e'b
a'b'c'
abc
a'bc
b'c'a
c'ac
a'c'c
c'ab
a'b'c
a'b'ac
a'c'ab
a'b'bc
b'c'ab
a'c'bc
b'c'ac
a'abc
a'b'c'a
b'abc
a'b'c'b
c'abc
a'b'c'c
a'c'ac
a'b'ab
b'c'bc
a'b'abc
a'b'c'ab
b'c'abc
a'b'c'bc
a'c'abc
a'b'c'ac
a'b'c'abe
At Crown
-13
-13
-2
-2
-5
-5
-15
-15
-18
-18
-17
-17
-15
-15
-7
-7
-17
-6
-8
-8
-8
-27
-27
-12
-12
-19
-19
-17
-17
-25
-25
-11
-11
-20
-20
-20
-20
-21
-21
-18
-18
-28
-28
-21
-21
-23
-23
-29
-29
-22
-22
-23
-23
-30
-26
-15
-30
-30
-25
-25
-32
-32
-33
At Springings
Left Right
-5 -3
-3 -5
-2 0
0 -2
-6 -23
-23 -6
-6 -3
-3 -7
-11 -26
-26 -11
-8 -27
-27 -8
-4 -5
-5 -4
-6 -24
-24 -6
-7 -7
-1 -1
-27 -27
-22 -8
-8 -22
-12 -29
-29 -12
-29 -27
-27 -29
-11 -26
-26 -11
-6 -4
-4 -6
-8 -7
-7 -8
-8 -23
-23 -8
-25 -12
-12 -25
-9 -27
-27 -9
-32 -30
-30 -32
-28 -8
-8 -28
-13 -29
-29 -13
-10 -27
-27 -10
-31 -31
-31 -31
-13 -28
-28 -13
-13 -26
-26 -13
-33 -29
-29 -33
-33 -33
-8 -8
-28 -28
-14 -29
-29 -14
-32 -30
-30 -32
-34 -33
-33 -34
-34 -34
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TABLE 3
MOMENTS AT SPRINGINGS PRODUCED BY ABUTMENT ROTATIONS
Percentage variations due to 3316 per cent decrease in modulus of elasticity of sections indicated
^-^^0 ý"-6c
Total Stiffness *Id ConstantJEl
Left Right
+6 +6
+7 +6
+7 +12
+4 +12
+6 -12
-22 -12
+1 3  +17
+11 +17
+12 -8
-16 -8
+13 -8
-17 -8
+14 +14
+8 +14
+10 -- 6
-16 -6
+13 +11
+10 +25
-17 -23
-17 -2
+13 -2
+19 -4
-12 -4
-12 -15
-13 -15
+14 +1
-11 +1
+15 +31
+17 +31
+20 +23
+16 +23
+16 +9
-13 +9
-13 +1
+18 +1
+20 +2
-14 +2
-13 -21
-12 -21
-13 +1
+16 +1
+21 +6
-7 +6
+22 +12
-9 +12
-7 -12
-10 -12
+26 +6
-9 +6
+20 +12
-8 +12
-8 -13
-8 -13
-8 -18
+22 +36
-9 -6
+28 +17
-4 +16
-5 -3
-4 -3
-3 -9
-5 -9
0 0
Total Stiffness *, Variable
E fayTnhnor Uca ed S ctins Constn~t-Combination of
Sections
a
a'
b
b'
c
c'
ab
a'b'
ac
a'c
a'c
c'a
a'b
b'a
b'W
c'b
a'a
b'b
c'c
b'c'
be
a'ac
a'c'a
c'bc
b'c'c
b'ac
a'c'b
b'ab
a'b'b
a'ab
a'b'a
b'be
b'c'b
a'b'c'
abc
a'bc
b'c'a
c'ac
a'c'c
c'ab
a'b'c
a'b'ac
a'c'ab
a'b'bc
b'c'ab
a'c'bc
b'c'ac
a'abe
a'b'c'a
b'abc
a'b'c'b
c'abc
a'b'c'c
a'c'ac
a'b'ab
b'c'bc
a'b'abc
a'b'c'ab
b'c'abc
a'b'c'bc
a'c'abc
a'b'c'ac
a'b'c'abc
Left Right
-3 -3
-1 -3
-1 +3
-4 +3
-2 -19
-28 -19
-3 0
-5 0
-4 -22
-28 -22
-3 -21
-29 -21
-3 -2
-8 -2
-6 -20
-28 -20
-3 -5
-5 +7
-29 -34
-29 -16
-3 -16
-5 -23
-30 -23
-30 -32
-31 -32
-8 -19
-29 -19
-8 +4
-6 +4
-4 -2
-7 -2
-7 -13
-30 -13
-30 -19
-5 -19
-4 -18
-31 -18
-30 -36
-29 -36
-30 -19
-7 -19
-9 -21
-30 -21
-8 -16
-32 -16
-30 -34
-33 -34
-5 -20
-32 -20
-10 -16
-31 -16
-31 -34
-31 -34
-31 -38
-8 +2
-31 -29
-10 -17
-32 -18
-33 -31
-32 -31
-31 -36
-33 -36
-34 -33
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TABLE 4
AVERAGE AND MAXIMUM VARIATIONS OF MOMENTS AT SELECTED SECTIONS
Percentage variations due to 33 % per cent decrease in the modulus of elasticity of the sections
Loads
Springing
Crown
Left Right
+ - + - + -
Av............ 3.1 3.6 8.7 8.2 9.2 8.1
Max........... 9.0 8.0 19.0 17.0 20.0 16.0
Temperature, -d Constant
Springing
Crown
Left Right
+ - + +
Av............ 5.5 3.2 11.8 8.1 11.7 7.9
Max...........| 13.0 8.0 23.0 16.0 23.0 16.0
Abutment Rotation, . Constant
TABLE 5
VARIATION OF MAXIMUM MOMENTS AS DETERMINED FROM INFLUENCE LINES FOR
Six PANELS
Percentage variations due to 33 % per cent decrease in the modulus of elasticity of sections indicated.
See Figs. 4, 5, and 6.
Left Springing Crown Right Springing
Sections
Pos. Neg. Pos. Neg. Pos. Neg.
a'b'c'b........ 
-6 -8 0 +8 +20 +19
a'b'c'ab...... 
-3 -5 -1 -8 +15 +23
a'c'ab......... -6 -10 -6 -8 +14 +19
b'c'bc......... -- 3 -5 +9 +17 -5 -1
ac............ +9 +5 -7 -5 -19 -13
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In Tables 1 to 4 are shown the variations in moments at crown and
springings due to variations in the values of E in certain selected
voussoirs for temperature changes, abutment rotations, and for cer-
tain conditions of loading. Table 5 shows variations of maximum
moments. Table 6 shows comparative values of the moments at
various points along the arch axis due to concentrated loads at the
panel points for several combinations of variations in the elastic
properties of the voussoirs.
Figures 1 to 3 show the relation of moment variation to variation
in elastic properties in certain cases. Figures 4 to 6 show influence
lines for bending moment at different points along the arch axis for
several combinations of variations in elastic properties. Figures 7
and 8 show range of variation in the moment curves for different con-
ditions of loading and give at a glance some idea of the range of vari-
ation in bending moments. Figures 9 to 11 show the probable rela-
tions between the range of variations in elastic properties and the
range of variations in moments at crown and at springing for a partic-
ular range of variation in elastic properties.
9. Results.-Tables 1, 2, and 3 give the percentage variations from
the normal value, due to the loadings or distortions indicated, of the
moments at the designated points for the stated variations in E for
the sections shown.
In Table 1 the third row shows what portions of the arch axis have
been varied in stiffness. For a unit load at the crown, if the value
of E for sections a' and a is increased 50 per cent ,the crown moment is
increased 9 per cent; if the value of E for these sections is decreased
331Y per cent, the crown moment is decreased 8 per cent. In the same
way are shown the percentage changes in moment at left and right
springings for live load over one-half of the arch.
In Table 2 are shown the percentage changes in moments at crown
and at each springing produced by a given temperature change. On
the left of this table the moment has in each case been computed for
the same value of d in all arches. This is nearly equivalent to
assuming the same average value of E in all arches. The adjustment
is made in order to isolate the effect of the variations in the value of E
within the arch as distinguished from the variation in the average
value of E in different arches.
The figures on the right of Table 2 are like those on the left,
except that it has not been assumed that I is the same in
- i-
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all arches. Here the moment is affected both by the variation in E
within the arch ring and also by the change in the average value of E.
A comparison of the figures on the right and on the left shows the
effect of these two factors.
Thus the table shows that if the value of E for section a is one-
third less than that for the other sections in an arch, the average value
of E being the same as if all sections had the same value of E, then,
due to a given temperature change, the moment at the crown would
be decreased 6 per cent, that at the left springing would be increased
3 per cent, and that at the right springing increased 6 per cent.
If, however, the change in E for section a were not accompanied
by any corresponding change in E at the other sections, then the
moment at the crown would be decreased 13 per cent, the moment at
the left springing would be decreased 5 per cent and that at the right
springing 3 per cent.
Table 3 is like Table 2 except that it shows the effect on the mo-
ments at the springings of variations of E when the abutment is
rotated a given amount.
Table 4 summarizes the data given in Table 1 and on theleft sides of
Tables 2 and 3. It shows the average and the maximum increase and
the average and the maximum decrease in moment at crown and
springings for loads as indicated, and for temperature change and
rotation of abutment, as shown in Tables 1, 2, and 3. These are
average and maximum values for all possible combinations of vous-
soirs in an arch having six voussoirs with E varying 331% per cent
from its maximum value but always having the same average value
of E. This table shows that the moment may vary almost as much
as does the value of E.
In Table 5 variation in maximum moments is shown for certain
selected cases. These cases were chosen more or less at random, but
in general they are cases which showed large variations in the previous
tables. The variations shown are about as large as in Table 4. Thus
if the elastic modulus of all voussoirs except that next to the right
springing (a' b' c' ab) were two million pounds per square inch, and
that of the remaining voussoir (c) were three million pounds per
square inch, the maximum positive moment at the right springing
due to live load would be increased 15 per cent and the maximum
negative moment due to live load would be increased 23 per cent.
Table 6 shows comparative bending moments at various points
along the arch axis for loads at various points. The modulus of
elasticity of some sections-indicated by heavy lines-has been in-
creased by 20 per cent and of others-indicated by light lines-has
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been decreased by 20 per cent from an assumed normal value. The
chief value of this record is in showing that the moments at a weak
section-a section of small E value-are decreased only slightly,
if at all.
Figures 1, 2, and 3 show the ratio of the variation in moment to
the variation in E when the variation in E is restricted to the sections
indicated-(c'c) in Fig. 1, (c'a) in Fig. 2, (a'b'bc) in Fig. 3. These
curves suggest that, for reasonable variations in the value of E, the
relation of change in moment to change in E is approximately linear.
The values given are for moments at the springing due to tem-
perature change and to live load over the right half of the arch. The
moments due to change of temperature are for arches of constant
value of average E.
The influence lines shown in Figs. 4, 5, and 6 show the effect of a
decrease of one-third in the values of E for the sections shown. These
have been plotted from the data contained in Table 6. They indicate
a rather wide zone within which influence ordinates may lie.
It is of interest to note that since the values of E vary with the
magnitude of the moment on a section these influence lines would not
be determined by an actual moving unit load. Influence lines cannot
in any accurate sense be determined experimentally unless Hooke's
Law applies.
Figure 7 shows moment curves for the live load shown for a de-
crease of one-third in the value of E for the sections indicated, and
also the normal moment curve for constant E.
Figure 8 is plotted from the data of Table 6. It shows normal
curves of moments for three load positions, and also the maximum
and minimum values of moments as shown in the table. It does not
therefore represent maxima and minima for all possible combi-
nations of the six segments. It does, however, give some idea of the
uncertainty involved in such moment curves.
Figures 9, 10, and 11 summarize the data bearing on the main
point investigated, the relation of the variation in moment to the
variation in elastic properties.
In Fig. 9 the ordinates represent the percentage of the total num-
ber of values of crown moment for load at the crown which exceed a
certain value of the abscissas. The abscissas represent the ratios of
the percentage variation of moment to percentage variation of E from
its middle value. In this investigation the variation of E from its
middle value is ± 20 per cent, which is the same as a 50 per cent in-
crease of the larger value over the smaller value, or a decrease of
33% per cent of the smaller value from the larger value.
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Figure 10 is like Fig. 9 except that it is for moments at the spring-
ings with live load over the right half of the span.
The irregularity of the individual points plotted seems to have no
special significance; it depends on the interval of the abscissa values.
Figure 11 summarizes Figs. 9 and 10 without reference to sign.
The abscissas here, however, are actual-not relative-percentages
of moment variation. The curves give some idea of the probability of
a given variation in moment. They show, for instance, that in this
investigation where E varies 20 per cent, for crown moment with
load at the crown half the values lie at least ± 3 per cent from the
value computed by the usual theory, and for the springing moments
for half span loading half the values lie at least ± 9 per cent from the
value usually computed. The variation at the crown, however, may
reach ± 10 per cent, and that at the springing ± 20 per cent, but these
values are highly improbable. The "normal" value with constant E,
however, is also very improbable.
10. Conclusions.-The investigations here recorded indicate:
(1) that for a large part (over one-half) of the stresses in an
arch there can be practically no uncertainty arising from assump-
tions involved in the method of analysis used.
(2) that for the flexural stresses due to live load the true
stresses cannot be predicted with absolute precision, because the
stresses are a matter of chance.
(3) that the departure of the stresses existing in any arch from
the values given by the usual methods of analysis can scarcely be
greater than the variations in the quality of the concrete, and will
most probably be very much less.
Beyond this it does not seem wise or profitable to draw con-
clusions, though others are apparently indicated by the data. The
important fact is that any wide departure from the predicted values
of the moments and thrusts in a concrete arch is not possible unless
the variation in the properties of concrete is much greater than is
commonly supposed. Within a narrow zone of uncertainty, then, the
maximum moments and thrusts due to loads in a concrete arch are
given without possible question by the "geometrical" (elastic) an-
alysis. The zone of such uncertainty here seems to have a width of
about ± 10 per cent; the zone of probable uncertainty seems to have a
width of about +5 per cent. The terms "true value" and "real
value," however, are meaningless except as applied to a given arch
under a given condition of loading and a given atmospheric condition;
otherwise the reactions are a matter of chance.
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The geometrical theory of analysis for arch reactions appears more.
dependable than the theory of flexure used to compute the fibre
stresses produced by these reactions, and much more dependable than
the concrete itself. It is not exact or precise, but it is a safe and con-
venient guide in design.
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*Bulletin No. 190. The Failure of Plain and Spirally Reinforced Concrete in Com-
pression, by Frank E. Richart, Anton Brandtzaeg, and Rex L. Brown. 1929. Forty
cents.
Bulletin No. 191. Rolling Tests of Plates, by Wilbur M. Wilson. 1929. Thirty
cents.
Bulletin No. 192. Investigation of Heating Rooms with Direct Steam Radiators
Equipped with Enclosures and Shields, by Arthur C. Willard, Alonzo P. Kratz,
Maurice K. Fahnestock, and Seichi Konzo. 1929. Forty cents.
Bulletin No. 193. An X-Ray Study of Firebrick, by Albert E. R. Westman.
1929. Fifteen cents.
*Bulletin No. 194. Tuning of Oscillating Circuits by Plate Current Variations,by J. Tykocinski-Tykociner and Ralph W. Armstrong. 1929. Twenty-five cents.
Bulletin No. 195. The Plaster-Model Method of Determining Stresses Applied
to Curved Beams, by Fred B. Seely and Richard V. James. 1929. Twenty cents.
*Bulletin No. 196. An Investigation of the Friability of Different Coals, by Cloyde
M. Smith. 1929. Thirty cents.
*Circular No. 18. The Construction, Rehabilitation, and Maintenance of Gravel
Roads Suitable for Moderate Traffic, by Carroll C. Wiley. 1929. Thirty cents.
*Bulletin No. 197. A Study of Fatigue Cracks in Car Axles. Part II, by Herbert
F. Moore, Stuart W. Lyon, and Norville J. Alleman. 1929. Twenty cents.
*Bulletin No. 198. Results of Tests on Sewage Treatment, by Harold E. Babbitt
and Harry E. Schlenz. 1929. Fifty-five cents.
*Bulletin No. 199. The Measurement of Air Quantities and Energy Losses in
Mine Entries, Part IV, by Cloyde M. Smith. 1929. Thirty cents.
*Bulletin No. 200. Investigation of Endurance of Bond Strength of Various
Clays in Molding Sand, by Carl H. Casberg and William H. Spencer. 1929. Fifteen
cents.
*Circular No. 19. Equipment for Gas-Liquid Reactions, by Donald B. Keyes.
1929. Ten cents.
*Bulletin No. 201. Acid Resisting Cover Enamels for Sheet Iron, by Andrew I.
Andrews. 1929. Twenty-five cents.
*Bulletin No. 202. Laboratory Tests of Reinforced Concrete Arch Ribs, by Wilbur
M. Wilson. 1929. Fifty-five cents.
*Bulletin No. 203. Dependability of the Theory of Concrete Arches, by Hardy
Cross. 1929. Twenty cents.
*A limited number of copies of the bulletins starred are available for free distribution.
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